Many of the standard Bell inequalities (e.g. CHSH) are not effective for detection of quantum correlations which allow for steering, because for a wide range of such correlations they are not violated. We present Bell-like inequalities which have lower bounds for non-steering correlations than for local causal models. The inequalities involve all possible measurement settings at each side. We arrive at interesting and elegant conditions for steerability of arbitrary two-qubit states.
I. INTRODUCTION
Quantum steering is a notion of non-classicality which is intermediate between entanglement and violation of Bell inequality. Steering is quite an old concept. Recently the issue was revisited by Wiseman et al [1] . There are only few steering inequalities known. For example, linear steering inequality [2, 3] , steering inequality due to an "All-Versus-Nothing" argument [4] and steering inequality from uncertainty principle [5] . Here, we introduce a general form of steering inequality which is inspired by geometric Bell inequalities considered in [6] [7] [8] .
At first we give a short introduction to the formal aspects of quantum steering. The main idea of steering goes like this. Say Alice prepares a quantum state and shares it with Bob. She wants to convince Bob that the shared state is entangled and she can steer Bob's state with it. However, Bob is not sure if Alice tries to bluff or not. To make sure that the state they share is steerable by Alice, Bob needs to know measurement outcomes of observables in Alice's side, for any random choice of measurement directions. Let's say Alice and Bob share a quantum state ρ AB and Alice's measurement operators are M A a|x , where a is the outcome when the setting is chosen as x. Thus, due to a measurement on Alice's side Bob's state collapses to a state N ρ B x|a , where N is a normalization factor, and
To test if Alice really can steer the state, Bob may ask Alice to make some measurements in arbitrary directions of his choice, and to report her outcomes. By a local state tomography Bob can test states ρ a|x . Bob's task is to find a scheme to check if one can write
where P (a|x, λ) is some realization of a hidden variable model, namely a probability distribution of measurement outcomes a under settings x for a hidden variable value given by λ, the probability of the hidden variable distribution p λ satisfies λ p λ = 1, and ρ λ is some state of his particle (often called "hidden" Let us describe, from the point of view of mathematical formalism, the relation between Bell inequalities and the problem of steering [1] [2] [3] [4] [5] 9] . The former apply to local causal models, for which, in the case of two particles (here for simplicity qubits), the correlations can be described by :
where r 1 , r 2 are local results, λ is a cause (essentially, a hidden variable) and a and b denote local settings of the measuring devices. The latter problem can be formulated as follows. The steering property can be defined as nonexistence of the following model of correlations
whereπ(r 2 | b) is the projection operator for an observable parametrized by the setting b, which is associated with the eigenvalue r 2 (the result), and ρ (2) (λ) is some pure state of Bob's system 2, parametrized by set of parameters λ.
If we have a violation of Bell inequality, then definitely the quantum state giving the correlations allows steering. However, in many cases we find that the given state does not violate well known Bell inequalities and still allows steering. E. g., the famous CHSH inequality fails in this respect. If we try to re-derive it for a model of the type (4) we get the following algebraic relation
where from now on λ represents a Bloch vector of a qubit state, I 1 ( a 1 , λ) = P (+1| a 1 , λ) − P (−1| a 1 , λ) etc. , and
is Pauli vector. Unfortunately the maximum of this algebraic relation is 2, just as in the case of local hidden variables. Thus, if we replace in the CHSH inequality the local causal model by a model involving a quantum correlations without the steering property, the bound remains the same as for local causal theories.
We shall show that, if one uses non-standard Bell inequalities [6, 7] , involving all possible settings on both sides of the testing experiment, the bound is lower for non-steering quantum correlations than local causal ones. To this end we use a geometric approach [6] [7] [8] based on the fact that if one has two vectors v and w, then, if (v, w) < ||w|| 2 , one has v = w. In simple words, if a scalar product of two vectors is less than the squared norm of one of them then they cannot be equal.
In the standard scenario with two qubit correlations we compare the quantum correlation function E Q ( a, b) with the one for a non-steerable case which in general has the following structure
The scalar product can be defined as
(the integrations are over the Bloch spheres). It can be shown that, when treating E Q as fixed, the scalar product has an upper bound, B, no matter what is E N S ( a, b). Note that (E N S , E Q ) ≤ B has a formal structure of a Bell (like) inequality with function E Q ( a, b) giving a (fixed) continuous set of coefficients. We show that, for a wide range of states which do not violate the CHSH inequality or the inequality based on similar concepts but applied to local causal models [7] one has
which means that they do not have a hidden state description, i.e. they allow steering. This can be put in a concise form of a condition on the norm of the correlation tensor (see below).
II. DERIVATION OF THE STEERING INEQUALITIES A. Correlation function for two-qubit states
Suppose Alice performs a projective measurement m· σ, where σ is the vector built out of Pauli matrices, and m represents the unit Bloch vector defining her measurement direction. The possible results are of course ±1. Similarly Bob performs projective measurements of n · σ. The quantum correlation function is given by
where ρ (12) represents the two-qubit state. If there is a LHS model describes Bob's state, then
where I( m, λ) = P (1| m, λ) − P (−1| m, λ) and Q( n, λ) = T r( n · σρ λ ). Obviously one can always extend the model so that all density operators ρ λ represent pure states. Such an extension will be assumed below. An arbitrary density operator for two qubits can be written as
where σ µn for µ n = i = 1, 2, 3, are the Pauli matrices forming the aforementioned vector, and σ 0 = 1 1. The components T µ1µ2 are real and given by T µ1µ2 = Tr[ρ (12) (σ µ1 ⊗ σ µ2 )]. By equation (8) , the correlation function between measurement outcomes on Alice and Bob's side reads
where m i , and n j are Cartesian components of the Bloch vectors defining measurement directions. The set T ij for i, j = 1, 2, 3 forms what is often called the correlation tensor (or matrix) of the state ρ (12) .
B. A geometric criterion for quantum steering
Our criterion is based on following simple geometric fact. Let's consider a vector p belongs to an arbitrary Hilbert space. If for another vector q one can write p 2 > | p| q |, then one concludes that p = q. Thus if the correlation functions satisfy following Bell-steering inequality:
then the quantum correlation function for given state ρ (12) cannot be described by a LHS model, i.e, ρ (12) is steerable (from Alice to Bob). One can choose among infinitely many definitions of the scalar product. Here we shall consider the simplest one. Namely, if we denote the Bloch spheres of local measurement setting of Alice (and Bob) by Ω, the natural Hilbert space in which we consider our correlation functions is the real space L 2 (Ω×Ω), with a scalar product for two functions f ( m, n) and g( m, n) given by
where this integration measures are the usual (rotationally invariant, "Haar") measures on the spheres (in simple words integrations over a solid angle). We have following theorem:
then the two qubit state is steerable. Here, T ∞ denotes the spectral norm, i.e, the largest singular value of T, and T is the Hilbert-Schmidt norm of T .
In simpler words if a state endowed with correlation function E( m, n) =
Proof. Let us use spherical coordinates to express the vectors, e.g. for n we put (sin θ n cos φ n , sin θ n sin φ n , cos θ n ). Then according to equation (9) and (11), the right hand of (12) is
where the vector λ is the Bloch vector corresponding to a pure state [10] and dΩ( n) is a rotationally invariant measure on Bloch sphere of unit radius, namely sin θ n dθ n dφ n . The functions n k (θ n , φ n ) which give the components k = 1, 2, 3 of n in spherical coordinates obey the following orthogonality relation
Thus,
and (15) can be written as
T is a 3 × 3 real matrix. Let Σ be its singular value decomposition (i.e. Schmidt decomposition). One has T = U T ΣV, where U and V are specific 3 × 3 orthogonal matrices representing rotations of the local coordinates of Alice and Bob. The matrix Σ is diagonal, with diagonal entries which we denote as (T 1 , T 2 , T 3 ), and customarily one assumes that T 1 ≥ T 2 ≥ T 3 ≥ 0. Thus in matrix notation, with Bloch vectors treated as column matrices
It is important to remember that T 1 = M ax m, n m · T n. By changing integration variable to m ′ = U m and putting λ ′ = V λ, since dΩ( m) is a rotationally invariant measure, we have:
where we have dropped the primes. To estimate the above we can first calculate the maximum length of the projection of I A ( m, λ) on a three dimensional subspace of L 2 (Ω), spanned by the components of m, that is by functions m 1 = sin θ m cos φ m , m 2 = sin θ m sin φ m , and m 3 = cos θ m . We shall denote this subspace as S (3) . As any vector v is equal to its length (norm) || v|| times the unit directional vector associated with it, v/|| v||, the projection of I A ( m, λ), denoted here as I || A ( m, λ) can be always put in the following form
where u( m, λ) is a unit vector (normalized function) in S (3) , and ||I || A ( λ)|| is the norm of the projection of I A into S (3) . The maximal possible value of the norm in turn can be given by
Any u( λ) can be put as
where α λ and β λ are some angles defining a unit 3 dimensional vector w λ in R 3 . Therefore we have u( m, λ) = 
Note that the maximum value of |I A ( m, λ)| is 1. The integral can be easily calculated if one fixes theẑ direction of the spherical coordinates so thatẑ = w λ . As 
which, using the same integration methods as before to reach (17) can be simplified to 2π 4π 3 M ax λ, w λ w λ · Σ λ = 8π
This ends our estimate of | E Q |E N S |.
We have a Bell-like inequality
It is linear with respect to E N S , and is defined by a continuous set of coefficients given by the values of the correlation function E Q . Note that it has an interesting feature, that if we replace E N S by E Q it becomes nonlinear. The final step is to calculate ||E Q || 2 = E Q |E Q . Using orthogonality relation (16) we obtain
